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1.  INTRODUCTION 

Many  phenomena  that  occur  in  Physics  and  Engineering  are  modeled  by  partial  differential  equations. 
Some  kind  of  them,  some  very  remarkable,  such  like  the  KdV  equation,  B-O  equation,  Schrodinger  equation,  to 
mention  some  of  them,  are  the  partial  differential  equations  of  evolution,  whose  name  is  due  to  the  fact  that  one  of 
the  independent  variables  is  time.  These  models  are  also  important  in  Mathematics,  since  they  lead  to  problems 
such  as,  local  and  global  well-posedness,  stability  of  solitary  waves,  principles  of  single  continuation,  propagation 
of  regularity,  to  mention  some  of  them;  whose  solutions  rescue  classic  techniques  of  Analysis,  as  they  also  give 
rise  to  new  ideas  that  have  led  to  their  solution.  In  this  work,  we  will  deal  with  the  initial  value  problem  associated 
with  a  generalization  of  the  regularized  Benjamin-Ono  equation  (gr-BO).  More  accurately.  We  consider  the 
problem: 

(ut  +  D1+aut  +  ux  +  uux  =  0,  t,  x  £  M,  0  <  a  <  1, 

lu(0,x)  =  <p(x)  £  HS(W),  ' 

where,  Dsf  =  (|<f  |s/)v,  is  the  homogeneous  derivative  of  order  s  £  M;  ?  is  the  Fourier  transform  and  V  its 

inverse. 

When  a  —  0,  equation  (1)  is  the  well-known  regularized  Benjamin-Ono  equation  (r-BO).  Results  for  this 
equation  about  well-posedness  in  Sobolev  spaces  IIs  (Jt),  for  s  >  1/2  and  weighted  Sobolev  spaces  Tsr(W)  for 
s>l/2,  0<r<5/2  together  with  unique  continuation  principles  were  obtained  by  German  Fonseca,  Guillermo 
Rodriguez-Bianco  and  Wilson  Sandoval  in  [5].  Following  the  ideas  of  this  work,  we  obtained  similar  results  for 
(1),  and  in  order  to  make  the  reading  of  this  work  more  enjoyable,  we  present  a  series  of  preliminaries  in  the 
following  section. 
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2.  PRELIMINARIES 


Theorem  1:  If  0  <  b  <  1  and  1  <  p  <  oo,  then 

\\D\fg)\\Lv  <  C(.\\g\U\Dbf\\Lv  +  \\f\U\Dbg\\Lv)  (2) 


Proof.  See  [7]. 

Definition  2:  Let  b  £  (0,1)  and  f  measurable  on  Mn  with  complex  values.  The  Stein  derivative  is  defined  by: 


V 


’/»  =  (1, 


l/W-/(y)l 

\x-y\n+2b 


- dy ) 


1/2 


(3) 


Definition  3:  For  s  £  ffiL  We  note  by  LPS(W11')  the  space  of  all  functions  f  £  Lp( ]Rn)  such  that  (1  —  A)s^2f  £ 
Lp (Mn).  The  norm  in  this  space  is  given  by 

ll/IUP=  11(1  -  A)l/|| 


for  each  /  on  Lp  (Mn) 

The  following  theorems  characterize  the  spaces  lfs  (Mn)  in  terms  of  the  Stein  derivative: 
Theorem  4:  Let  b  £  (0,1)  and  2/n  +  2b  <  p  <  oo.  Then,  f  £  Lpb(JHn )  if  and  only  if 


1 .  /  £  Lp(Wl). 

2 , Vbf(x)  £  LP  (Mn). 


with. 


ll/ll 


b.v  ~ 


(1  -  A)! 


=  II/IIlp  +  \\Dbf\\Lv  =  ||/||LP  +  \\T>bf\\LP 

lp 


Proof.  See  [9]  or  [10] 

Theorem  5:  Let  b  £  (0,1)  and  1  <  p  <  oo.  Iff,g:  Mn  ->  C  are  measurable  functions,  then 

\W\fg)\y  <  \\fvbg\y  +  \\gvbf\y 

Proof.  See  Proposition  1  in  [8] 

Proposition  6:  For  b  £  (0,1) 

||Bb/lloo  <  Cbdi/iu  +  Iia^/ID 


(4) 


(5) 


Proof.  It  is  a  direct  consequence  of  the  definition  of  the  Stein  derivative  (3) 

Proposition  7:  Let  P{pc)  and  Q(x )  polynomials  of  degree  m  and  n  respectively  with  0  <  m  <  n,  for  b  £  (0,1), 
cp  £  L2  (IR)  and  ^  £  C  (M)  then 

||^g-<p)||o<c(||^||0  +  ||B>||0) 

Proof.  See  Proposition  2.11  in  [3] 
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The  following  lemmas  are  important  to  obtain  results  for  (1)  on  Sobolev  spaces  with  fractional  weights,  in  which 
the  Stein  derivative  plays  a  leading  role. 

Lemma  8:  Let  b  £  (0,1),  a  >  0.  Then, 


-Itx 

©*(e1+W1+“)  <  C(a,b)tb(6) 
for  all  t  >  0. 


Proof.  See  proposition  2.13  in  [3]  Proposition  9  Let  /  £  Cf,  a  function  such  taht  supp  /  £  [—2,2]  and  j  =  1  in 
(—1,1).  For  any  b  £  (0,1)  and  9  >  0, 


D 


6  (if  I  ej(0)W' 


C \T]\9  b  +  clt 
1 

c(— ln|?7|)2, 


\v\ 


r+6 


9  ^  b,  \ri\  «  1, 

9  —  b,  \ri\  «  1, 

\v\ »  L 


with  ©h(|f  |ej(f))(0  continous  in  r]  £  M  —  (0).  In  particular,  one  has  that 

®b(f  |eT(f))  e  12(1R)  if  and  only  if  b  <  9  +  1/2.  (7) 

Similar  result  holds  for  V  b  ( |  f  | 6  sgn  (£)x  (f ))  ■ 

Proof  See  proposition  2.9  in  [4]. 

Proposition  10  ///( 0)  =  0  and  0  <  a  <  1, 

||Dfa(sgn(f)/)||o  <  ||/||0  +  HVIIo 
Proof  See  proposition  2.19  in  [3] 

3.  LOCAL  WELL-POSEDNESS  ON  HS(W) 


For  convenience  we  will  write  the  initial  value  problem  (1)  in  the  following  form: 

(ut  =  Au+  f(u ) 

lu(0)  =  tp  £  TP(M),  W 

which  is  equivalent  to  the  Integral  Equation, 

u(t)  =  E{t)tp  +  Jo  E{t  —  T)/(u(r))dT,  (9) 

where, 

A  =  -dx(l+D?ay\  f{u)  —  4(u2) 

E{f)<p  —  eAtcp  —  (e1+lfi1+“t<pN] 


Proposition  11:  The  operator  A  =  —dx(\  +  D/+“)  1  is  bounded  on  IIs  (Wl),  if  a  >  0. 
Proof.  Let  <p  £  //S(R2) 
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iiwiif  =  n-d*(i  +  Di+arviif 

=  /fi2  (1  +  f2)s  |1+|^i+gy|  dZ  if  a  >  0  we  have 

<fR2  (l  +  /2)s|<p|2d/  =  M\2s 

Proposition  12:  The  application  E\  Mh  93(//s(R))  defined  by  Eft^tp  —  eAt(p  for  cp  £  HS(M)  and  t  £  [0,  oo)  is  a 
strongly  continuous  unitary  group. 

Proof.  The  proof  is  simple  and  direct,  for  that  reason  we  do  not  present  it  here. 

Proposition  13:  If  s  >1/2  and  a  >  0,  the  fucntion  f(u )  =  A  (u2)  satisfies  the  condition  of  local  lipschitz,  i.e, 
11/00  -  /0)lls  <  idlwlls,  lblls)||u  -  v||s,  (10) 

for  all  u,  v  £  HS(R ),  where  L(||u||s,  ||v||s)  =  ||u||s  +  ||v||s 

Proof.  Since  HS(M)  is  a  Banach  algebra  for  s  >  1/2,  the  proof  is  a  consequence  of  this  fact  and  the 
proposition  (11). 

To  proof  the  existence  of  a  solution  of  (8)  we  consider  the  set: 

Xs(T,M,cp)  =  {uECao,T];Hs(W)y,  ||u(t)  -  E(f)<p\\s  <  M},  (11) 

which  is  a  complete  metric  subspace  of  C([0,  T];  //s)  with  the  metric 

ds(y,w )  =  sup  ||  v(t)  -  w(t)  ||s  =  II  v  -  w  ||s  oo 

te[o/r] 

and  the  application 

'f'OO(t)  =  t)<p  +  fg  E(t  -  T)f(v(T))dT 

Proposition  14:  If  a  >  0  and  s  >  1/2,  then  the  application  lP  satisfy: 

1.  Exists  7\ (II (p  || S,M)  >  0  such  that  T'(t7)(t)  E£s(71(M,<p) 

2.  Exists  T2(Ms,  M)  >  0  such  that  T(t7)(t)  is  a  contraction. 

Proof.  Part  1: 

II^OXO  ~E(t)<p\\s  <  f*  \\E(t  -  T)/(v(r))||sdT 

^  CJo  ll07(T))CdT 

<  CS(M  +  \\cp\\syt  (12) 

choosing  71  >  0  such  that  the  right  side  of  12  is  less  than  M  we  get  the  result. 

Part  2: 

II^OXO  -vP(w)(t)||s  <  f0C  \\E(t  -t)(/(v(t))  -/(w(T}))||sdr 
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-  fo  |  (/(^ W)  -  /(w(t)))  ||s  drby(lO) 

<  Csf*  (||v(t)||s  +  ||w(t)||s)||v(t)  -  w(r)||sdr 

<  2CS(M  +  ||<p||s)/0£  ||v(t)  -  w(r)||scfr 

<  CS(M  +  ||<jO||s)||v  -  wlUoot 

Choosing  Tz  >  0  such  that  CS(M  +  ||^P ||5)72  <  1  we  get  that  V  is  a  contraction. 

The  above  proposition  together  with  Banach’s  fixed  point  theorem  implies  the  following  theorem. 

Theorem  15:  If  tp  E  HS(M.2),  s  >  1/2  and  a  >  0,  exists  T  =  T (||<p||s,  M)  >  0  and  u  E  C([0,  T\,  HS(M.2))  that 
satisfies  the  integral  equation  (9). 

Uniqueness  and  continuous  dependence  are  followed  by  standard  methods. 

Lemma  16  Suppose  that  cp  E  Hs  for  s  >  1/2  and  letu  E  C([0,  T],HS(W))  be  the  solution  of  (1),  then 

||u(t)||i+a~||<p||i+a. 

2  2 

Proof.  The  equation  (1)  implies  that 

(1  +  D1+a)ut  =  —  dxu  —  ^dxu2.  (13) 

Now 

9  II 

IMIl+a  ~  (J2U,J2U  ), 

2 

where,  Js  —  (1  +  D1+“)s.  Therefore,  it  easily  follows  that 

=  2((1  +  D1+afu,  (1  +  £>1+“)1((  1  +  D1+a)~\-  dxu  - \dxu2))) 

—  2  (u,  —  dxu  —  i dxu 2) 

-  —2{u,  dxu)  —  (u,  dxii2) 

=  0 

This  implies  the  result. 

Next  theorem  shows  that  the  I.V.P  (1)  is  globally  well-posed  in  HS(M. ),  s  >  1/2.  The  key  point  is  to  obtain  a 

l+a 

priori  estimates  of  the  Sobolev  norm  in  1P(M),  s  >  1/2  with  the  help  of  the  a  priori  bound  of  the  H~  norm  in  Lemma 
2.2  and  the  Kato-Ponce  commutator,  [6], 

\fd\s,p  —  c(||/|Il°o|#|s,p  +  ll^llt-H/Up)  for  s  >  0,  l<p<oo, 

and  the  Brezis-Galloueta€™s  inequality,  [2],  which  in  dimension  one  is 

ll/llt-  <  c  ^1  +  Vlog(l  +  ll/lls)ll/ll|) ,  fors>i. 
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Theorem  17  The  Cauchy  problem  (1)  is  g.w.p.  in  HS(M),  s  >  1/2. 

Proof.  Let  <p  £  IIs  ((Rf),  the  integral  equation  9  implies  that 

\\u(t)\\s  <  IMIS  +  fg  IKT)||00||u(T)||sdT 

<  IMIS  +  co  fg  (l  +  Vlog(!  +  IKt)||s)  )||u(r)HsdT  =  :T(t), 

where  c0  only  depends  on  1 1  1 1 1+« .  The  above  lemma  and  this  inequality  imply  that 

2 

T'(t)  =  C0(l  +  Vl°g(l  +  llu(T)lls)  )llu(T)lls 

<  c0  (1  +  Julg(i  +  n^)  j  no 
<c0  (i  +  iog(i  +  no))no 

Then,  there  exists  c1  >  0  such  that, 

^log  (l  +  log(l  +  T(t)))  <  cx 

C  3  f 

and  hence,  there  are  constants  c2  >  0  and  c3  >  0  such  that  for  every  t  £  [0,7’],  ||u(t)||s  <  e°2e 

4.  THE  PROBLEM  GR-BO  ON  WEIGHTED  SPACES  Ts  r 


In  this  section,  we  study  the  IVP  (1),  on  weighted  spaces  Tsr,  in  which  we  establish  local  well-posedness  and 
single  continuation  principles.  To  study  the  local  well-posedness  on  these  spaces  we  need  to  bound  the  operator 

A  —  —  dx(l  +  7)^+“)_1  and  the  group  iT(t)  en  Tsr. 

Keeping  this  in  mind,  we  calculate  the  first  derivatives  of  the  function - 

1  b  i+|f|1+“ 

r  -if  \  _  -i(l-q|f|1+g) 

^  Vi+ifi1+a/  (i+ifi1+“)2 

]  _  ~to(l+a)lf|2g+1sgn(f)  i(l+a)(2+a)|f|gsgn(f) 

f  Vi+|f|1+Q7  (i+|f|1+“)3  (i+|fl1+“)3 

a3/  -if  ^  ta(l  +  a)(2  +  a)|f|1+3“  i(l  +  a)(4a2  +  8a  +  6)|f |2“  i  ia(l  +  a) (2  +  a)|f |“_1 

U  +  |f  |i+«*J  =  (1  +  |f  |1+a)4  (1  +  |f  |1+“)4  +  (1+  |f|1+“)4 

Proposition  18:  The  operator  A  —  —dx(l  +  Dx+a')~1  is  bounded  iFs  r(]R)  for  0  <  r  <  5/2  +  a  <  3. 

Proof. 


\\A<p\\s  +  \\A(p\\L 


The  first  term  is  bounded  in  a  similar  way  to  the  proposition  1 1 .  For  the  second  term  lets  suppose  that  r  —  2, 


\\A<p\\L 


-  a? 


ti+|f| 


if  - 
-TTd<P 


^  ||a(l+q)|f|2“+1sgn(f)i  A  ,  (l+q)(2+q)|f |“sgn(f)i  ^  n  ||  (-l+q|f  |1+“)i 

<|| - - y  +  - (1+|f|1+g)3 - cp  +2 


(i+|fp+“)3 


(l  +  lf  |l+a)2 


a^IL  +  ll(i^)a^l 
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<  c  (||0||o  +  IMI0  +  \\d2sV\\0)  ~  cMl10 

Stein- weiss  interpolation  theorem  (see  theorem  5.4.1  in  [1])  together  with  the  previous  inequality  allows  us  to 
conclude  ||xri4<p||0  <  ||xr<p||0  for  0  <  r  <  2. 

For  the  case  2  <  r  <  |  +  a,  let  r  =  2  +  b  with  0  <  b  <  1  and  b  <  1/2  +  a. 


\\A<p\\L2^o  =  \\x^A(p\\0 


Dr  (  d2  ( ^ 


0) 


<  c  \\D 


f  Vi+|f|1+a 

b  (V l2a+1sgn(f)  .^  ||  ,  „  ||  nb  (  If |“sgn(f)  ^  || 

VL  +  c\\Dt  UlfF-F^H 


f  V  (i+|f|1+“)3 
=  A1  +  A2  +  A3  +  A4 

To  bound  A2  we  use  the  function  x  defined  in  proposition  9 


||Dbf-1+«lfl1+g 
o  II  f  Vd+lfl1+“)2 


£&*)|| +K( 


1+lfl1 


A,  =  \\Dl 


b  (  lflasgn(f) 


( _ 

f  V(l+|f  l1+“)3 


<P 


(14) 


b  flfl“sgn(f)x  ^Ml  ,  ||  nb  flfl“sgn(f)(l-x)  ~ 

f  \(l  +  |f  |1+“)3  ^ )  II  n  +  Irf  l  a+lf|1  +  “)3  v 


<  \\D 


K  II  nb  /lf|gsgn(f)x\ 
-  II  f  V(l+|f  |1+“)3/  ' 


SS  ^2,1  +  ^2,2  +  A 


(l+lf|1+“)3 

|f|“sgn(f)x  b 


«  11  1  iii^i  -o —  m  ja  5  II  1  '  u  ... .  ...  .. 

•Pll  +  Ild+ifP+^^f  ^11  +  llDf  l  (i+|fl1+“)3  V 


sgn(f)(l-z) 


2,3 

Let  g(f)  =  as  a  consequence  of  the  proposition  7  and  proposition  9  we  get  g{f~)  E  L2(R).  It  is 

important  to  note  that  to  use  proposition  9,  we  must  impose  the  condition  that  b  <  1/2  +  a. 

b  /|f|“sgn(f)*(f) 


(l+lfl1+“)3 

<  c  (|||f|“sgn(fMOIIo  +  Il®f  (KI“sgn(OT(O)||0) 

<K  if  b  <  a  +  1/2. 


To  bound  A21 


(A  y  _  ||  06  pfl“sgn(fMm  ||2 

(^2,1)  -  Pf  ( (1+|f|i+a)3  )<p\\o 

(15) 

=  PfacoMl 

(16) 

<k2 \m\ii 

<  K1'2  (4  1(1  +  x2Y/2(p(x)  .^-L^\dx)2 


www.tjprc.ors 


editor@tjprc.  org 


14 


John  Bolahos  &  Guillermo  Rodriguez-Bianco 


<  K'V  ((/,  1(1  +  x2)r/20(x)l2dx)1/2  (;,  ^dx)1'2)2 

<  c\\(p\\l  +c\\(p\\2L2. 


The  bound  for  the  term  A2i2  is  immediate  and  the  bound  for  the  term  A2  3  is  easier,  because  we  are  on  the  set 


2,3 


where  the  function  (1  —  j(O)  ^  0’  so 


A  -  Db  pflgsgn(f)(i-^(Q) 
^2,3-  (i+|f|l+«)3  <P)  ||  Q 


<  |^b  Igsgn(f)(l-X(f))^ 


<  m 


(® 


(i+mi+a)3  j 

sgn(f)(l-x(f)) 

(l+if|i+a)3 


ff.  +  lf|gsgn(f)(l-X(f))  Db  & 

V  o  d+lfl1+“)3  0 


+ 


(l  +  |fP+“)3 

'I  (l  +  lfl1+“)3  I 


\\m 


<  c||<p||0  +  c||<p||L2 


r  1,0 


The  bound  for  A1  is  obtained  in  a  similar  way  as  the  bound  for  A2,  with  the  difference  that  the  bound  condition  is 
b  <  (2a  +  1)  +  1/2,  which  is  true  for  all  0  <  a  <  1.  The  bounds  for  the  terms  A3  and  i44  are  a  direct  consequence  of  the 
proposition  7. 


Now  we  need  to  bound  the  group  F(t)<p 


-if 


<P 


(F(f,  t)(py  on  weighted  spaces  Tsr. 


For  this  purpose  it  is  necessary  to  calculate  the  partial  derivatives  of  F(f,  t): 


9fFtf,t)  = 


(l+|f|1+“)2 


d}F(t,t)  = 


3|F(f,t)  = 


/— ta(l+a)|f  |2a+1sgn(f  )t  i(l+q)(2+q)K|gsgn(f)t  (l-q|f  |1+g)2t2N 

V  (l  +  |f|1+“)3  (l+|f|1+“)3  (l+lfl1+“)4  / 

/  iq(l+q)(2+q)|f  |1+3at  i(l+q)(4q2+8q+6)|f  |2“t  iq(l+q)(2+q)|f  |“_1t 

V  (l+|f|1+“)4  (l+|f|1+“)4  (l+|f|1+“)4 


q(l+q)(l-q|f  |1+a)|f  |2a+1sgn(f)t2 

(i+m1+a)5 


(l+q)(2+q)(l-q|f|1+“)|f  |“sgn(f)t2  2q(l+q)(l-q|f  |1+“)|f  |“sgn(f  )t2  4(l+q)(l-q|f  |1+“)2|f  |“sgn(f)t2  i(l-q|f  |1+“)3t3'v 

(l+|f|1+“)5  (l+lfl1+“)4  (l+|f|1+“)5  (l+lfl1+“)6  / 


The  following  proposition  bounds  the  group  E  (t)  for  integer  index. 

(  -K  t  \v 

Proposition  19:  Let  F(t)  =  e1+lfl1+“  <p  .  If  r  =  1  or  r  =  2  then 


ll^(0<Flk,r<^(t)ll<Flk,r 

where  Pr(t)  is  a  polynomial  of  degree  r. 


Proof.  We  show  the  case  r  —  2.  The  case  r  =  1  is  similar. 


\\E(t)cp\\Ts2  =  ||F(t)<p||s  +  ||F(t)<p||L2 
<  \\cp\\s  +  \\x2E(t)(p)\\0 
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Ms  +  ll3f(f<P)|| 


+ 


f'  ""0 

ia(l+a)|f|2a+1sgn(f)t  II 
(l+|f|1+a)3  <P\\o 


,  l|i(l+ar)(2+a)|f|asgn(f)tnA||  ,  ||  (l-a|f  |1+a)2t2  n  „  | 
+  || - -  -  - Fcp\\  +  — — 7^ T^rF(p\ 


+ 


(l  +  |f|l+a)3 


0  ■■  (l+lfl1+“)4 

Fatf\\0  +  Iloilo 


(l+|f|1+“)z 

<  c(m*  +  tii^Ho  +  t2||0||o  +  t||af<p||o  +  ||af<p||o) 

^  pr(t)\\<phS'2 

The  following  proposition  bounds  the  group  E  (t)  for  non-integer  index.  We  use  the  Stein  derivative  defined  in  3. 

-V 


Proposition  20:  Let  E{t)  =  I  e1+lfl  cp  \  ,0<r<5/2  +  a<3. 


Then, 

II  m<P  Hrs,r<  C(t)  II  cp  llr;r, 

where  C  (t)  is  a  continuous  increasing  function  in  t. 

Proof. 


II  E{t)<p  11^=11  E(t)cp  lls  +11  E(t)<p  llt2 
<11  cp  ||s  +||  | x\rE{t)cp  ||0 

Let’s  suppose  r  =  b  with  0  <  b  <  1,  using  the  properties  of  Stein  derivative  and  lemma  8,  we  get: 
II  E(t)<p  11^=11  cp  ||s  +11  \x\bE(t)cp  Ho 

=  M,  +  ||®|(^)||0 

<  M\s  +  \\VbF-cp\\o  +  \\F-Vbcp\\o 
+  11  c{a,  b)tbcp\\0  +  ||D|^||o 


<  C(t)  II  cp  \ysr 

now,  let  r  =  1  +  b  with  0  <  b  <  1,  using  the  proposition  7  we  have 
II  E{f)cp  11^=11  cp  ||s  +||  \x\  1+bE(t)cp  ||0 

=  Ms  +  \\Dfdf(.FM\\0 


< 


< 


Wcp\\s  +  \\Db(d^F -cp)\\o  +  \\Db^-d^)\\o 

M\s  +  |  Db  ■  4>)\\q  +  \\L )|F  ■  dtf\\o  +||F|L||2)|(af«||o 
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<  Ms  +  ct  (||F<p||„  +  ||d|(f^)||o)  +  || c{h)tb af<p||o  +  ||x>f  (3f<p)||o 

<  C(t)  (llfill,  +  \\FDf  v\\0  +  \\^F0\\O  +  ||^||0  +  IM|0  +  ||®|  Sf^||0) 

<  c(t)(||(j£»||s  +  |||*|Mo  +  \\\x\<p\\o  +  |||x|1+>||o) 

<  c(t)  II  cp  \\Tsr 


Now  let’s  suppose  that  r  =  2  +  b.  with  0  <  b  <  1  and  b  <  1/2  +  a 
II  E(t)<p  11^=11  <P  lls  +11  |*| 2+bE(t)cp  Ho 
<  Ms  +  \\Ds  a|(0)||o 


< 


+  || Db(d2F  ■  0)||o  +  || D'id'F  ■  a^)||0  +  || Db(F  ■  d}0)\\Q 


<ll<plls+||^( 


+  D. 


b  /!{ |2g+1sgn(f)t 

(l  +  |f|i+“)3 
Ifl  1+“)2t2 


FV  . +  Di 


b  r(l-a\{l1+a)2t2  H.^ll  nfMOt 

(i+ifii+“)4  Fv\\  +  Ds  l (l+if \i+a)2  F df' v ) 


f  V  (i+|f|1+“)4 
+  \\D^F-d}0)\\Q 
^  Mis  +  B±  +  B2  +  B3  +  B4  +  B5 


First  lets  bound  B2,  using  the  function  /(<f)  defined  in  proposition  9: 

/|f|gsgn(Qt  \|| 

b  flfl“sgn(f)x(f)  ^  ||  ,  ||  nh  flf  rsgn(f)(l-x(f))  ^  A\  || 

l  (1+ifW  tF(p)l  +  \\Dt  v  Ci+ifi1+“)3  ^JIL 


V(i+ifii+a) 


<  \\D 


<t\\D. 


flfl“sgn(f)*(^  .*||  ,  Iln&rnAsll 

u  d+ifF-)3  J^IL  +  lPfWllo 


+t  D 


flflfsgn _ 

f  V  (l  +  |f|1+“)3 


sgn(f)(l-x(f)) 


M, 


—  ^2,1  +  B  22  +  #2,3- 


(17) 


(18) 


The  term  fi2,i  was  bounded  on  the  equation  15  and  the  term  B22  was  bounded  on  the  equation  17,  to  bound  B2i 3 
we  have  in  mind  that  we  are  on  the  set  where  the  function  1  —  /(<f)  ^  Q,  i.e. 


B 


2,3  — 


/|f|gsgn(f)(l-X(f)) 

f  V  (i+|f|1+“)3 


0 


< 


|f|gsgn(f)(l-Z(f)) 
(l  +  |f|!  +  “)3 


l®f(^)|l0  + 


l  (l+|f|^)3  )F<P 


(19) 


<  cB2  2  +  c\\(p\\0. 


B1  is  bounded  in  a  similar  way  as  B2  but  with  the  condition  b  <  (2a  +  1)  +  1/2,  which  is  true  for  0  <  a  <  1. 
The  bounds  for  the  terms  B:i,  B4  and  B5  are  obtained  from  the  lemma  8  and  the  proposition  7. 
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Theorem  21:  If  cp  £  Tsr(WE)  with  s  >  1/2  and  0  <  r  <  5/2  +  a  <  3,  then  exists  T  —  T(||<p||j7sr,  M)  >  0  and  an 
unique  function  u  £  C(|0,  F|;  Ts  r)  which  satisfy  the  integral  equation  9,  also,  the  function  cp  — >  u  associated  to  the 
equation  1  is  continuous. 

Proof.  By  propositions  18  and  20,  where  the  operator  A  and  the  group  E  (t)  were  bounded  in  Tsr(K),  and 
following  the  ideas  of  the  theory  on  HS(W)  we  get  the  local  well-posedness. 

4.1.  Unique  continuation  of  solutions 


Theorem  22:  If  (p  £  !Fsr(M)  with  s  >  1/2  and  0  <  r  <  5/2  +  a  <  3,  where  the  conditions  for  well-posedness 
from  theorem  21  are  satisfied,  let  u  £  C(|  0,  T|;  Ts  r)  the  solution  of  the  initial  value  problem  1,  with  u(0)  =  cp,  such  that 
JR  cp{x)dx  >  0,  if  for  two  times  t4  =  0  <  t2  <  T  we  have  u(tj)  £  E3f2Za  0  j  —  1-2  then  u  =  0. 

Proof.  Let  u  £  C([0,  T\;  Tsr))  the  solution  of  1.  multiplying  x 2  by  the  integral  equation  9  we  have, 

x2u  —  x2E(t)cp  +  x2  E(t  —  T)A(u2(r))dT. 


We  will  analyze  the  derivative  D 


1/2 +a 

f 


for  0  <  a  <  1/2  on  both  sides  of  equality.  Applying  the  Fourier  transform 


to  the  first  term  we  get: 


3|(F<p)  =  3|F  ■  cp  +  2  d^F  ■  d^cp  +  F  ■  3|<p 


ia(l+a)|f  |2a+1sgn(f)t  ^  , 

— wrt — Fv  + 


i(l+a)(2+a)|f|“sgn(f)t  r  A  , 
- - Fv  + 


(l-a|f|1+g)2tz 

(l  +  lfl1+a)4  V 


2i(l-a|f|1+“)t 

(l+m1+“)2 


F  d^cp  +  F  d^cp 


—  Ct  +  C2  +  C3  +  C4  +  C5 


From  the  bounds  for  the  terms  Blt  B?j,  B4  and  B5  in  (18),  we  have  D^2+“Q  £  L2(M)  for  i  =  1,3, 4, 5.  To  bound 
the  term  C2  we  use  the  function  x  from  proposition  9: 

r  _  i(l+a)(2+«)lf|asgn(Qt  r-~ 
l2  (i+|fp+“)3  r<P 

_  KqV Igsgn(f)z(f)t  p  ~  gg|f|gsgn(f)(l-z(f))t  p  ~ 

(l+|f|1+“)3  tCP  +  (l  +  lfl1+“)3  tCP 

=  C21  +  C2  2  whereFa  =  —  t(l  +  a)( 2  +  a) 

Note  that  D1^2+aC22  £  L2(R)  due  to  (19).  To  bound  the  term  C21,  we  rewrite  it  in  the  following  way: 


r  _  V  lf|asgn(f)x(f)t  pfn 

Cz.l-Ka  (1  +  |f]i+a)3  F(P 

=  Ka\^\asgn^MOt0  ( 


(i+lfp+“)3 


-l)+/fa|f|“sgn(fMO^ 


—  Dt  +  D2. 


Since  D^2+aD1  £  L2(R)  and 

(x2F(t)<p)A  =  Cr  +  D4  +  D2  +  F2j2  +  C3  +  C4  +  C5 

then, 
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£>f1/2+“(x2F(t)<p)A  -  D2)  £  L2(W), 
that  is. 


D\'^\{x2E (t)<p)A  -  Ka\S |“sgn(f)j(f)^(f))  £  L2(R).  (20) 

For  the  term  of  the  integral  let  u2  —  v  and  the  Plancherel  theorem  implies 


\\x2E(t)A(v)\\0  =  || df  (f1+|f|Lgg)||o-thus 


—  i 

i+lfl 1 


a(l+a)|f|2a+2t  (l+a)(2+a)|f|1+at  „ 

- r  V - r  V 

(i+ifii+a)4  (i+ifii+a)4 


i(l-«|f|1+g)2ft2  2(l-q]fl1+g)2t  2(l-g|f|1+g)ft  -ia(l+q)|f|2g+1sgn(f) 

(l  +  |f  |1+“)s  (l  +  |f  |1+“)4  (l+|f  |1+“)3  ^  (l  +  |f  |1+“)3 


i(l+q)(2+a)Klgsgn(f) 

(l+|f|l  +  a)3 


I  ~ 2i(l— a|f|1+g)  r,  a  f  -if 
(i+|f|1+a)2  ^  i+lfl1+“ 


F  3|F 


—  +  ^2  "I - 4"  £9 

Z)f1/2+“£)  £  C([0,7];Z,2(M)),  for  i  =  2,3,. ..,9  i  ±  7. 
Now  we  rewrite  the  term  F7: 


r  _  i(l+a)(2+a)|f|asgn(f) 

E7  ~  0L+jfp+“)3  FV 

_  If  rsgn(f)(l-x(f))  J{  |f  |gsgn(f)x(f)  r? 

“  (l+|f|1+a)3  “  (l+|f|1+“)3 

=  £7,1  -  ^lflasgn(f)X(f)  l)p  -  ffa|f  |asgn(f)x(f)t7 


—  E7,l  +  E7 ,2  +  E7,3- 

Since,  D1^2+aE71,  D^2+aE7  2  £  C ([0, 7];  L2(R))  we  have, 

Df1/2+“((x2£(tM(v))A  -  fj7  3)  £  C([0,7];L2(R)).  (21) 

Note  that  20  and  21,  imply 
Z)f1/2+“((x2u(t))A  -D2-  E7i3)  £  L2(M) 

for  all  t  £  [0, 7].  By  hypothesis,  exists  t2  such  that  u(t2)  £  ;FSji/2+a.  then 
^f1/2+“  (lfl“sgn(fMf)  (/0t2  cp( O  +  F(r,f)dr))  £  L2(M).  (22) 

For  convenience,  we  will  write,  h(f)  =  (/0t2  <p(0  +  F(r,  f)drj,  that  transforms  the  previous  identity  into 

£>fi/2+“( lf|asgn(fMf)ft(f))  £  L2(M), 
which  is  the  same  as, 


FF 
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(m“sgn -  hm  +  If  l“sgn(f)^(f)S(0))  £  L2(W) 


Since, 


^i/2+“( lfl“sgn(fMf)(S(f)  -  Km)  e  £2«, 


then, 


Of1/2+“(|f|“sgn(fMf)R(0))  £  L2(W) 

Theorem  9  states  that  (|f  |“sgn(f)x(f))  £  L2(M)  if  and  only  if  b  <  1/2  +  a,  then 

^i/2+“(m“sgn(fMf)£(0))  <2  L2W, 


unless,  h( 0)  =  0.  This  observation  in  our  case  becomes 


fy2  <p( 0)  +  v(z,  0)dr  =  0, 


that  is. 


fo2  L  ('PW  +  v(j,x))dxdT  =  0. 


Since  v  —  u2 ,  we  have 


Jo 2  Jr  +  u2(T,x))dxdz  =  0 


This  equality  and  the  hypothesis,  JR  (p{x)dx  >  0  imply  u2  —  0  and  therefore,!/.  =  0. 

Note  23  The  previous  unique  continuation  principle  was  obtained  under  the  hypothesis  0  <  a  <  1/2,  as  if 


ia(l+ct)(2+a)|f  |“-1 

(l+lfl1+“)4 


a  >  1/2,  we  will  have  to  bound  9|£'(t),  but  one  of  its  terms  is 
for  1/2  <  a  <  1,  the  persistence  is  obtained  for  0  <  r  <  3. 


tF,  which  has  a  singularity  at  zero.  Thus, 


CONCLUSIONS 


•  Using  Banach’s  fixed-point  theorem  we  proved  well-posedness  in  Sobolev  spaces,  for  and  weighted  Sobolev 
spaces,  for  and. 

•  We  proved  global  well-posedness  in  Sobolev  spaces,  for. 

•  The  unique  continuation  principle  was  obtained,  that  is,  if  the  initial  data  with  and,  and  is  the  solution  for  the 
initial  value  problem  (1),  with  and,  $  and  there  also  exists  two  times  such  that  for  then  the  solution  is  identically 
zero. 
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